Quantum Hall-like effect on strips due to geometry 
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In this Letter we present an exact calculation of the effective potential which appears on a he- 
licoidal strip. This potential leads to the appearance of localized states at a distance £o from the 
central axis. The twist w of the strip plays the role of a magnetic field and is responsible for the 
appearance of these localized states and an effective transverse electric field thus this is reminiscent 
of the quantum Hall effect. At very low temperatures the twisted configuration of the strip may be 
stabilized by the electronic states. 
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The appearance of nanostructures has boosted the in- 
terest in quantum strip waveguides and in tubular quan- 
tum waveguides. Of special interest is the appearance 
of bound states in these structures. For a thin tubular 
waveguide the binding potential is V e ff ~ — 
where k is the curvature of the axis of the tube, viewed 
as a space curve. In the case of a quantum strip the 
effective potential is:0 
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where r is the torsion of the strip axis and 6 is the twist 
angle around the axis. Here the subscript s stands for 
4- where s is the arc-length of the curve. Usually these 
results are valid for thin tubes and narrow strips and 
the curvature k should be small. 0. The curvature k is 
responsible for the appearance of bound states in both 
types of waveguides. 

In this Letter we evaluate the sole effect of twisting of 
a strip and show that a pure twist may cause localization 
and play the role of an applied magnetic field. 

We consider a strip whose edge is a straight line along 
the cc-axis and whose other edge follows a helix around 
the x-axis. The surface represents a helicoid and is given 
by the following equation: 



r = xe x + £ [cos(ujx) e y + sm(ojx) e z ], 
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where ui — 2 jp-, L is the total length of the strip and n 
is the number of 27r-twists. 

(e x ,e y ,e z ) is the usual orthonormal triad in R 3 and 
£ G [0, D], where D is the width of the strip. Let dr be 
the displacement 

dr = dx e x + [cos(wx) e y + sin(wx) e z ] d£+ 



+ [— oj£ sin(cja;) e y + uj{; cos(wx) e z ] dx (3) 
and therefore we have: 

|dr| 2 = (1 + Lu 2 £ 2 )dx 2 + = h\dx 2 + h\d£ \ (4) 




fig. l: Helicoidal Surface 



where hi = yl + ui 2 ^ 2 and hi = 1 are the Lame coeffi- 
cients of the induced metric (from R 3 ) on the strip. Now 
the Hamiltonian for a free particle on the strip is given 
by: 
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After rescaling the wave function ip i— > t^ - ^ (because 
we require the wave function to be normalized with re- 
spect to the area element dxd£) and after some algebra 
we arrive at the following expression for the Hamiltonian: 



H = -- 



2m 



1 

~2hi 



(Phi 



i i 
I ~hj 



dhi 



2m h\ dx 2 ' 



(G) 



This Hamiltonian may be rewritten in a more transparent 
form: 
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where the effective potential in the £ direction is given 
by: 
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Note that in Q and @ the effective potential is lon- 
gitudinal. In the present case there is no longitudinal 
effective potential. After insertion of hi = yl + w 2 £ 2 
the effective potential becomes: 
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This effective potential is of pure quantum-mechanical 
origin because it is proportional to h. Note that this 
expression is exact and is valid not only for small £: here 
no expansions in small parameter has been used. On the 
axis of the helicoid £ = we get the following value of 
the repulsive potential 14/ / (0) = which corresponds 
to the expression for the effective potential found in 
for k = and r = and 9 S = ui. 14// (0) represents a 
local maximum of the potential. The local minimum is 
reached for £ = ^ and K//(£o) = 

Now we may write the time-independent Schrodinger 
equation as: 
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Using the ansatz: ij){x, £) = 4 > {x)f(S > ) 
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we get two differential equations: 
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and 
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With 4>(x) = e lkmX in eq(ll) we have En = -g— - where 
k x is the partial momentum in x-direction. 

It is clear from eq(8) that for £ close to 0, 14// 
represents a repulsive potential and the twist u> works 
"against" the appearance of localized states How- 
ever, for £ > = = £o (there are no restrictions 
on £ in eq.(8)) , 14// < and there will be localized 
states. Physically one may understand the appearance 
of localized states away from the central axis using the 



Heisenberg uncertainty principle: for greater £ a parti- 
cle on the strip will dispose with more "space" along 
the corresponding helix and therefore the corresponding 
momentum and hence energy will be smaller than for a 
particle closer to the central axis. Thus the twist u> will 
" push" the electrons towards the outer edge of the strip 
and create an effective electric field between the central 
axis and the helix. The depth of the potential minimum 
depends on w. Thus the number of localized states (and 
their existence) will depend on the width of the strip and 
on the twist. The minimum of the potential in eq(12) is 
reached for £ = £ and is given by: 
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For small k x i.e. k x < j, E m i n < and there is a pos- 
sibility for having localized states with negative energy 
levels. For very low temperatures most of the k' x s will be 
well below t ( ^^r~ ~ knT, where k B is the Boltzmann 
constant and T is the temperature) . For a strip of width 
at least D = £ch the twisting the strip will increase its 
elastic energy ( the elastic energy density per unit length 
is ^C*u> 2 , where C* is the torsional constant) but on 
the other hand will create localized states with negative 
energy levels which will diminish the total electronic en- 
ergy and for rather soft materials it may favor the twisted 
configuration against that of the flat strip. 

Eq(12) represents the motion in the direction £ with a 
net potential 
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where C — — . This potential is a sum of two contri- 



butions, a repulsive part: 
which is repulsive for C 2 > 



and a variable part 
and attractive for C 2 < \, 
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If C < 5 the U{£) becomes negative for cj£ > 
and one expects bound states with negative energy eigen- 
values in this potential well. The finite size of the width 
D determines the cut-off of E/(£) and hence the probabil- 
ity for a particle to be "pushed" to the boundary of the 
strip. 

Equation of motion (12) may take the remarkable nor- 
mal form of the equation of a confluent Heun function^]: 
let us call f(0 = H(uj 2 £ 2 ) = H{z). Then putting 
e = -TTz, we get an equation for the function H(z): 
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A further change of function H(z) = z 1 ^ 4 L(z) leads to: 
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Now define C = 1 + z and set L(z) — M(£), the equation 
satisfied by M(Q is of the form: 



M"(C) + Q(C)M(C) = 0. 
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with 
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This is to be compared to the normal form of a confluent 
Hcun equation: 

It S f A B C D E 1 f \ n 

y'{x) + I A + - + + — + — \ y{x) = 0. 



, x x — 1 x 2 (x — l) 2 j 
Thus eq(16) is really a confluent Heun equation with 
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which all depend on C = ^ representing the ratio of 
straight propagation in the x-direction over the geomet- 
ric twist. As the properties of confluent Heun functions 
are not extensively known, e.g. zeros have not yet been 
completed, we shall not dwell on it. 
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